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Abstract
We work over an algebraically closed field of arbitrary characteristic. Let X ⊆ PN be a smooth projective
surface with very ample line bundle L :=OX(1), of degree d and sectional genus g. Consider the blowing-
up σ : Xˆ → X at distinct points x1, . . . , xm ∈ X with the exceptional divisors E1, . . . ,Em and let Lˆ be the
line bundle σ∗L⊗O
Xˆ
(−E1 − · · · −Em) on Xˆ. The purpose here is to give a necessary and sufficient con-
dition for Lˆ to be very ample in terms of the configuration of x1, . . . , xm, for surfaces with h1(X,OX) = 0
and m d − 2g− 1. The key tool for the proof is the linear projection from a point of X. As an application,
we will determine some surfaces of sectional genus 2 or 3.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
We work over an algebraically closed field k of arbitrary characteristic. Let X ⊆ PN be a
smooth irreducible projective surface with very ample line bundle L :=OX(1) =OPN (1)|X , of
degree d and sectional genus g. For closed points x1, . . . , xm of X, consider the blowing-up
σ : Xˆ → X of X at x1, . . . , xm with the exceptional divisors E1, . . . ,Em and the line bundle
Lˆ := σ ∗L ⊗ O
Xˆ
(−E1 − · · · − Em) on Xˆ. The problem of finding the condition for Lˆ to be
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Pezzo surfaces and in the classification of surfaces by sectional genus [10,12], and so on, and is
considered by many authors [3–7]. For example, the theory of Del Pezzo surfaces tells us that for
X = P2 and L=OP2(3), Lˆ is very ample if and only if x1, . . . , xm are distinct points for m 6
satisfying the condition that no three points of x1, . . . , xm are collinear and no six points of them
lie on conic in P2. Here we extend this type of condition for surfaces with q = h1(X,OX) = 0
and d − 2g − 1m.
The purpose of this paper is to give a necessary and sufficient condition on x1, . . . , xm for Lˆ
to be very ample.
Theorem. Let X ⊆ PN be a smooth projective variety of dimension 2, degree d , sectional ge-
nus g, and irregularity h1(X,OX) = 0. Let x1, . . . , xm be m distinct points of X for m  d −
2g−1. Let σ : Xˆ → X be the blowing-up at x1, . . . , xm with the exceptional divisors E1, . . . ,Em.
Then σ ∗OX(1)⊗OXˆ(−E1 − · · · −Em) is very ample if and only if for all l with 1 l m, any
l distinct points of {x1, . . . , xm} do not lie on any rational normal curve of degree l on X.
This theorem recovers the classical result of Del Pezzo surfaces: because an irreducible and
reduced curve on the third Veronese embedding v3(P2) ⊆ P9 with degree  d − 2g − 1 = 6 is
the image of a line or a conic on P2.
To prove theorem, we may assume that X is linearly normal (i.e., its hyperplane sections give
rise to a complete linear system) and nondegenerate (i.e., X is not contained in any hyperplane).
The key tool for the proof is the inner projection, that is the linear projection from a point of X,
which appears in the definition of the blowing-up of a point of X. By the inner projection, for
m = 1, it is well known that Lˆ is very ample if and only if there is no line through x1 meeting X
in 3 points counted with multiplicity (Fact 2.1). On the other hand, we will see that there is no
line  in PN with 3 l(X ∩ ) := length(OX∩) < +∞ if d − 3 2g − 1 (Lemma 2.4). Thus if
(and only if ) x ∈ X does not lie on any line on X, then Lˆ is very ample and Xˆ is a subvariety
of PN−1 of degree d − 1. In this case, Xˆ ⊆ PN−1 satisfies the same property as X. Hence we
can apply the same argument to Xˆ and a point x′ ∈ Xˆ not lying on a line in Xˆ. (Here note that
the infinitely near points of x1 in Xˆ consist of a line in PN−1, and hence we never have the
very ample bundle for m > 1 by the inner projection from any infinitely near point of x1 in Xˆ.)
To conclude this argument, we have to anticipate which curve on X is mapped to a line on Xˆ
for m 1. This is done by using Lemma 2.5. To prove the both lemmas, the assumption q = 0
is essential, which implies curves obtained by hyperplane section of X is also embedded by the
complete linear system.
As an application, we will determine some surfaces of sectional genus 2 or 3 in Section 3.
1.1. Notation and convention
Unless otherwise mentioned, by a curve, we mean a projective variety (i.e., irreducible and
reduced) of dimension 1. By a point, we mean a closed point. For a subscheme Y ⊆ PN , by 〈Y 〉
we denote the linear span of Y in PN .
2. Proof of theorem
Before proving Theorem, we recall the inner projection of projective varieties (see [8, §8.4]
or [1, Chapter IV]). Let X ⊆ PN be a smooth projective variety of dimension n and degree d .
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P
N−1 defined on X \ {x}. Let V be the linear space of linear forms on PN , and let W be the
subspace of V consisting of linear forms vanishing at x, i.e., PN = P(V ) and PN−1 = P(W).
If we denote the maximal ideal of OX,x by mx , the natural evaluation map V ⊗OX →OX(1)
induces a surjective map α :W ⊗OX →OX(1)⊗mx , which corresponds to the rational map πx .
If we take the blowing-up σ : Xˆ → X at x with the exceptional divisor E, α induces a surjective
map W ⊗O
Xˆ
→ σ ∗OX(1)⊗OXˆ(−E), and hence we have a morphism πˆx : Xˆ → PN−1 (see [9,
(II.7.17.3)]). We call πˆx the inner projection of X ⊆ PN from x, and x the center of πˆx . By πˆx ,
E is mapped to an (n− 1)-dimensional linear space in PN−1.
Fact 2.1. (See, for example, [8, (8.4.3)], [1, (IV.4)].) The inner projection πˆx is an embedding if
and only if there is no line  ⊆ PN through x with l(X ∩ ) = length(OX∩) 3.
Next we will consider the inner projection from more than one point. Let x1, . . . , xm ∈ X
be distinct points. Let σi : Xˆi → X be the blowing-up at x1, . . . , xi . We can naturally identify
xi+1, . . . , xm ∈ X as points of Xˆi , so, by abuse of notation, we denote them by xi+1, . . . , xm ∈ Xˆi .
If the inner projection πˆx1 : Xˆ1 → PN−1 from x1, denoted by πˆ〈x1〉, is an embedding, we
can consider the inner projection Xˆ2 → PN−2 from x2 ∈ Xˆ1, denoted by πˆ〈x1,x2〉. Induc-
tively if πˆ〈x1,...,xm−1〉 : Xˆm−1 → PN−m+1 is an embedding, we can consider the inner projection
πˆ〈x1,...,xm〉 : Xˆm → PN−m from xm ∈ Xˆm−1. If we say πˆ〈x1,...,xm〉 is an embedding, we mean all
πˆ〈x1,...,xi 〉 are embeddings for 1 i m.
With this notation, we will prove the following theorem based on Fact 2.1.
Theorem 2.2. Let X ⊆ PN (N = d − g + 1) be a nondegenerate, linearly normal, smooth, pro-
jective variety of dimension 2, degree d , sectional genus g, and irregularity h1(OX) = 0. Let
x1, . . . , xm be m distinct points of X for m d − 2g − 1. Let σm : Xˆm → X be the blowing-up at
x1, . . . , xm with the exceptional divisors E1, . . . ,Em. Set Lˆm = σm∗OX(1) ⊗OXˆ(−E1 − · · · −
Em). Then the following are equivalent:
(1) Lˆm is very ample.
(2) Lˆm is ample.
(3) For every l with 1  l  m, none of l distinct points of {x1, . . . , xm} lie on any (rational
normal) curve of degree l on X. (See Remark 2.6.)
(4) The inner projection πˆ〈x1,...,xm〉 : Xˆm → PN−m is an embedding.
(5) For every l with 1 l m, every curve D of degree l and every l distinct points {xi1, . . . , xil }
of {x1, . . . , xm} satisfy H 0(X,OX(D) ⊗ I{xi1 ,...,xil }/X) = 0, where I{xi1 ,...,xil }/X denotes the
ideal sheaf of {xi1, . . . , xil } ⊆ X.
The main part of the proof of Theorem 2.2 is (3) ⇒ (4). The key to the proof is to see the
secant lines passing through the center of each inner projection. To this purpose we need the
following lemmas. The first one is well known if ch(k) = 0 (see, for example, [2, Theorem 1.7.9,
p. 39], [11]).
Lemma 2.3. Let X ⊆ PN (N  4) be a nondegenerate, smooth, projective surface. Let  be a
line in PN with l(X ∩ ) finite. If H ⊆ PN is a general hyperplane containing , then X ∩H is a
nondegenerate, (irreducible, reduced) curve which is smooth at all points of X ∩ .
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to X at x ∈ X ∩ , and hence X ∩ H is smooth at X ∩ . To see the irreducibility of X ∩ H ,
consider the projection π :PN  PN−2 from . Note that a hyperplane H ⊆ PN containing 
corresponds to a hyperplane H¯ ⊆ PN−2 such that π(H \ ) = H¯ . Let X¯ be the closure of the
image of X \ . Since X is nondegenerate, so is X¯. Suppose X¯ is a curve. If deg X¯ = 1, by the
nondegenaracy of X¯ then X¯ = PN−2 = P1. Hence N = 3, which contradicts our assumption. If
d¯ := deg X¯  2, then X¯ ∩ H¯ is a set of distinct points x¯1, . . . , x¯d¯ in PN−2 such that x¯i = π(xi)
for some xi ∈ X \ . Hence X ∩ H = Cx¯1 ∪ · · · ∪ Cx¯d¯ for the closure Cx¯i of the fibre over x¯i .
By a Lefschetz type theorem (e.g., [9, (III.7.9)]), X ∩H is connected. Since 〈, xi〉 ∩ 〈, xj 〉 = 
for i = j , Cx¯1, . . . ,Cx¯d¯ meet only at X ∩ . This contradicts the smoothness of X ∩ H at X ∩ 
(e.g., [9, (III.7.9.1)]). Therefore dim X¯ = 2. By Bertini’s theorem (see [13, (I.6.3)], [8, (3.4.10)]),
X ∩ H = D if ch(k) = 0 or pεD if p = ch(k) > 0 as divisors for some curve D and for some
ε  0. Since X ∩ H is smooth at X ∩ , we have pε = 1 and hence X ∩ H is irreducible and
reduced, as required. 
Lemma 2.4. Let X be as in Theorem 2.2. Assume that d  2g + 2. If  ⊆ PN is a line not lying
on X, then l(X ∩ ) 2.
Proof. Suppose that there is a line  ⊆ PN such that l(X ∩ )  3 and  ⊆ X. By Lemma 2.3,
for a general hyperplane H ⊇  in PN , X ∩ H is a curve, say C, of degree d and arithmetic
genus g which is smooth at X ∩ . Set OC(1) := OPN (1) | C. Since H 1(OX) = 0, C ⊆ H
is embedded by the complete linear system |OC(1)|. Since l(X ∩ )  3, there is an effec-
tive Cartier divisor Z ⊆ X ∩  on C of degree 3 whose linear span 〈Z〉 is . Consequently
H 1(OC(1)(−Z)) ∼= H 0(OC(−1)(Z) ⊗ ωC)∨ = 0 for the dualizing sheaf ωC of C. Therefore
d − 3 2g − 2, contradiction. 
Lemma 2.5. Let X be as in Theorem 2.2. Let D ⊆ X be a curve of degree m. If m d − 2g, then
D ·E  1 for every line E on X with D = E.
Proof. If D · E  2, then D ∪ E is contained in the linear span 〈D〉 of D in PN which satisfies
dim〈D〉m since D is an (integral) curve. Let H be a general hyperplane such that X ∩H is a
smooth curve, say C. Then Z := (D ∪ E) ∩ H is an effective divisor on C of degree m + 1 and
with dim〈Z〉m− 1. Hence H 1(OC(1)(−Z)) = 0. Consequently d − (m+ 1) 2g− 2, which
contradicts our assumption. 
Remark 2.6. Let D ⊆ X be as in Lemma 2.5. By the same argument as in Lemma 2.5, if m
d − 2g + 1, then D is a rational normal curve, i.e., D ∼= P1 and dim〈D〉 = degD.
Lemma 2.7. Let X ⊆ PN be as in Theorem 2.2. Let σ : Xˆ → X be the blowing-up at x ∈ X with
exceptional divisor E. Assume that the inner projection πˆx : Xˆ → PN−1 from x is an embedding.
Set dˆ = deg Xˆ. Let Dˆ be a curve of degree e on Xˆ other than E. If e  dˆ − 2g, then the image
D := σ(Dˆ) is a curve of degree e or e + 1 in PN . Moreover, if degD = e + 1, then x ∈ D.
Proof. Set O
Xˆ
(1) = OPN−1(1)|Xˆ. By the projection formula, e = OXˆ(1) · Dˆ = σ ∗OX(1) ⊗
O
Xˆ
(−E) · Dˆ = OX(1) · D − E · Dˆ. Hence degD = OX(1) · D = e + E · Dˆ. By Lemma 2.5,
E · Dˆ = 0 or 1, and hence degD = e or e + 1. 
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Proof of Theorem 2.2. (4) ⇒ (1) ⇒ (2) and (5) ⇒ (3) are clear. To prove (2) ⇒ (3), suppose
to the contrary that there is a curve D of degree l (m) and through l distinct points xi1, . . . , xil .
Its strict transform Dˆ in Xˆm is linearly equivalent to σ ∗D −∑mi=1 αiEi with αi  0 for every i
and αi  1 for i = i1, . . . , il . Thus we have Dˆ ·OXˆm(1)  0, which contradicts the ampleness
of Lˆm. To prove (3) ⇒ (5), suppose to the contrary that there exists B ∈ |OX(D)⊗I{xi1 ,...,xil }/X|
for some curve D of degree l (1  l  m) and for some distinct l points {xi1, . . . , xil }. Let
B = D1 + · · · +Ds be the decomposition into the sum of integral curves Di . If degDi = ei then∑
i ei = l. By Lemma 2.8 below, there exists Di through ei distinct points of {xi1, . . . , xil }, which
contradicts (3).
We prove (3) ⇒ (4) by induction on m. When m = 1, by assumption, no line on X passes
through x1. Thus every line  in PN through x1 satisfies l(X ∩ )  2 by Lemma 2.4. Con-
sequently the inner projection πˆx1 : Xˆ1 → PN−1 is an embedding by Fact 2.1. When m> 1, by
induction, we may assume that πˆ〈x1,...,xm−1〉 : Xˆm−1 → PN−m+1 is an embedding and deg Xˆm−1 =
d − (m − 1)  2g + 2. By Lemma 2.4, every line  ⊆ Xˆm−1 in PN−m+1 through xm satisfies
l(Xˆm−1 ∩ ) 2. Thus, if we know there is no line on Xˆm−1 through xm, then πˆ〈x1,...,xm〉 : Xˆm →
P
N−m is an embedding by Fact 2.1. Now suppose there is a line  on Xˆm−1 through xm. Apply-
ing Lemma 2.7 for each inner projection, we know the image σm−1() by σm−1 : Xˆm−1 → X is
of degree l for some 1 l m and passing through l points of {x1, . . . , xm}, contradiction. This
completes the proof of Theorem 2.2. 
Lemma 2.8. Let D1 and D2 be effective divisors on a smooth surface X. Let Z be a zero-
dimensional subscheme of D1 +D2. If l(Z ∩D1) e, then l(Z ∩D2) degZ − e.
Proof. Let h1 and h2 be local defining equations of D1 and D2 in X, respectively. The sub-
scheme Z′ of Z defined by (0 : h1OZ) is a subscheme of Z ∩ D2, since (0 : h1OZ) ⊇ h2OZ .
Since IZ∩D1/Z ∼= h1OZ ∼=OZ/(0 : h1OZ) ∼=OZ′ , we have l(Z ∩ D2) l(Z′) = l(IZ∩D1/Z) =
degZ − l(Z ∩D1). 
Remark 2.9. We remark on Lemmas 2.4 and 2.7. (1) Lemma 2.4 also holds for n  3 if
ch(k) = 0: Let X ⊆ PN be a linearly normal, nondegenerate, smooth projective variety of di-
mension n  3, irregularity h1(OX) = 0, and sectional genus g defined over an algebraically
closed field k of ch(k) = 0. If  ⊆ PN is a line such that l(X ∩ )  3, then  ⊆ X. (2) But
Lemma 2.7 does not holds for n = 3: Let X = v2(P3) ⊆ P9 be the 2nd Veronese embedding
of P3. Hence d = degX = 8 and sectional genus g = g(X) = 1. Clearly there is no line on X,
and any line  satisfies l(X ∩ )  2 since X is defined by quadrics. Thus the inner projection
πˆx : Xˆ → P8 from x ∈ X is an embedding. Hence dˆ = deg Xˆ = 7 and g = g(Xˆ) = 1. Let D be
the image by v2 of a cuspidal cubic curve in P3 with cusp at x ∈ X, e.g., the image of P1 with co-
ordinates s, t by [s6, s4t2, s3t3, s2t4, st5, t6,0,0,0,0] with x = [1,0, . . . ,0]. Let Dˆ be the strict
transform of D in Xˆ, i.e., the image of D by the projection from x. In this case Dˆ is the image
of [s4, s3t, s2t2, st3, t4,0,0,0,0]. Thus degD = 6 and deg Dˆ = 4 dˆ − 2g = 5.
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As an application of Theorem 2.2, we will give a necessary and sufficient condition for
line bundles to be very ample which appear in the classification by the sectional genus due to
Ionescu [10], especially sectional genus 2 and 3.
First we consider the case of sectional genus 2. For the list of the smooth surfaces of sectional
genus 2, see [10, (3.1)]. In the list, the ruled surface Fe = PP1(OP1 ⊕ OP1(−e)) (e = 0,1,2)
embedded by the very ample divisor He = 2C0 +(3+e)F is a surface of sectional genus 2, where
C0 is a minimal section and F is a fibre. Moreover, the blowing-up σ : Fˆe → Fe of one of these
with center m 7 points lying on different fibres embedded by Hˆe = σ ∗(He) − E1 − · · · − Em
are also varieties of sectional genus 2 if Hˆe is very ample, where E1, . . . ,Em are the exceptional
divisors [10, (3.1.i)]. Now we describe the condition for Hˆe to be very ample in terms of the
configuration of the m points.
Theorem 3.1. Let Fe = PP1(OP1 ⊕OP1(−e)) (e = 0,1,2) be a rational ruled surface and let
He = 2C0 + (3 + e)F be a very ample divisor on Fe , where C0 is a minimal section and F
is a fibre. Let σ : Fˆe → Fe be the blowing-up of distinct points x1, . . . , xm for m  7 with the
exceptional divisors E1, . . . ,Em and set Hˆe = σ ∗He − E1 − · · · − Em. Then the following are
equivalent:
(1) Hˆe is very ample.
(2) Hˆe is ample.
(3) For every integer l and divisor B in (3.1.1), no l distinct points of {x1, . . . , xm} lie on any
curve on Fe linearly equivalent to B .
(4) For every integer l and divisor B in (3.1.1), every l distinct points {xi1, . . . , xil } of
{x1, . . . , xm} satisfy H 0(Fe,OFe(B)⊗ I{xi1 ,...,xil }/Fe ) = 0.
e = 0: (l,B) = (2,F ); (3,C0); (5,C0 + F); (7,C0 + 2F).
e = 1: (l,B) = (2,F ); (2,C0); (4,C0 + F); (6,C0 + 2F).
e = 2: (l,B) = (2,F ); (1,C0); (5,C0 + 2F); (7,C0 + 3F).
(3.1.1)
Proof. By [9, (V.2.18)], a curve D is of degree l  7 on Fe if and only if D is linearly equivalent
to one of B in (3.1.1). Since H 2e − 2g − 1 = 7m, this theorem follows from Theorem 2.2. 
Next we consider the case of sectional genus 3. For the list of the smooth surfaces of sectional
genus 3, see [10, (4.1)]. In the list, the following appear:
(1) Fe = PP1(OP1 ⊕OP1(−e)) (e = 0,1,2,3), embedded by very ample divisor He = 2C0 +
(4 + e)F ; or the blowing-up σ : Fˆe → Fe of one of these with center m 9 points lying on
different fibres, embedded by Hˆe = σ ∗(He) − E1 − · · · − Em if Hˆe is very ample, where
E1, . . . ,Em are the exceptional divisors.
(2) P2, embedded by the very ample divisor 4L where L is a line in P2; or the blowing-up
σ : Pˆ2 → P2 of it with center m  10 ordinary points, embedded by H = σ ∗(4L) − E1 −
· · · −Em if H is very ample, where E1, . . . ,Em are the exceptional divisors.
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of the configuration of the m points. Note that H 2e − 2g − 1 = 9 and (4L)2 − 2g − 1 = 9. Thus
we can apply Theorem 2.2 for m 9 so that we have Theorems 3.2 and 3.3.
Theorem 3.2. Let Fe = PP1(OP1 ⊕OP1(−e)) (e = 0,1,2,3) be a rational ruled surface and let
He = 2C0 + (4 + e)F be a very ample divisor on Fe , where C0 is a minimal section and F is a
fibre. Let σ : Fˆe → Fe be the blowing-up of distinct points x1, . . . , xm for m 9 with exceptional
divisors E1, . . . ,Em and set Hˆe = σ ∗He −E1 − · · · −Em. Then the following are equivalent:
(1) Hˆe is very ample.
(2) Hˆe is ample.
(3) For every integer l and divisor B in (3.2.1), no l distinct points of {x1, . . . , xm} lie on any
curve linearly equivalent to B .
(4) For every integer l and divisor B in (3.2.1), every l distinct points {xi1, . . . , xil } of{x1, . . . , xm} satisfy H 0(Fe,OFe(B)⊗ I{xi1 ,...,xil }/Fe ) = 0.
e = 0: (l,B) = (2,F ); (4,C0); (6,C0 + F); (8,C0 + 2F).
e = 1: (l,B) = (2,F ); (3,C0); (5,C0 + F); (7,C0 + 2F); (9,C0 + 3F).
e = 2: (l,B) = (2,F ); (2,C0); (6,C0 + 2F); (8,C0 + 3F).
e = 3: (l,B) = (2,F ); (1,C0); (7,C0 + 3F); (9,C0 + 4F).
(3.2.1)
Proof. By [9, (V.2.18)], a curve D is of degree l  9 on Fe if and only if D is linearly equivalent
to one of B in (3.2.1). Since H 2e − 2g − 1 = 9m, this theorem follows from Theorem 2.2. 
Theorem 3.3. Let σ : Pˆ2 → P2 be the blowing-up of P2 at distinct points x1, . . . , xm for m  9
with the exceptional divisors E1, . . . ,Em. Set L= σ ∗OP2(4)⊗OPˆ2(−E1 − · · · −Em). Then thefollowing are equivalent:
(1) L is very ample.
(2) L is ample.
(3) For every integer l and divisor B in (3.3.1), no l distinct points of {x1, . . . , xm} lie on any
curve linearly equivalent to B .
(4) For every integer l and divisor B in (3.3.1), every l distinct points {xi1, . . . , xil } of{x1, . . . , xm} satisfy H 0(P2,OP2(B)⊗ I{xi1 ,...,xil }/P2) = 0.
(l,B) = (4,L); (8,2L), where L ∈ ∣∣OP2(1)
∣
∣. (3.3.1)
Proof. Note that a curve C of degree l  9 on the 4th Veronese embedding v4(P2) ⊆ P14 is
linearly equivalent to L or 2L. Since m 9 = (4L)2 − 2g − 1, this theorem follows from Theo-
rem 2.2. 
To determine the very ampleness of the line bundle Lˆ on the blowing-up Xˆ → P2 of 10
distinct points (i.e., in the case (2) for m = 10), we need the study of secant lines to Pˆ2 ⊆ P5 for
m = 9:
Proposition 3.4. Let σ ′ :X = Pˆ2 → P2 be the blowing-up of P2 at 9 distinct points x1, . . . , x9
with exceptional divisors E1, . . . ,E9. Assume L= σ ′∗OP2(4)⊗OX(−
∑9
i=1 Ei) is very ample,
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X as a subvariety of P5. SetM= σ ′∗OP2(3)⊗OX(−
∑9
i=1 Ei). Then:
(1) A member D ∈ |M| is of degree 3 in P5 and spans a 2-plane 〈D〉 with 〈D〉 ∩X = D.
(2) For any C ∈ |OX(1)| and its dualizing sheaf ωC , we have an exact sequence
0 → σ ′ ∗OP2(−1) →M→ ω∨C ⊗OC(1) → 0.
(3) We have h0(X,M) = 2 or 1. In the former, for every x ∈ X, there exists a line  through x
in P5 such that l(X ∩ ) 3 and  ⊆ 〈D〉 for some D ∈ |M|. In the latter, every line  ⊆ P5
with 3 l(X ∩ ) < +∞ is contained in 〈D〉 for the unique D ∈ |M|.
Proof. In (1), clearly degD = 3. Since L⊗OX(−D) ∼= σ ′ ∗OP2(1) is generated by global sec-
tions with h0(L⊗OX(−D)) = 3, we have 〈D〉 ∩ X = D and dim〈D〉 = 5 − 3 = 2. The exact
sequence in (2) follows from 0 → ω∨X ⊗OX(−C) → ω∨X → ω∨X | C → 0, since ω∨X ∼=M. To
see (3), note that h0(M) = h0(ω∨C ⊗ OC(1)) by (2), since hi(σ ′ ∗OP2(−1)) = 0 for i = 0,1.
On the other hand, h0(ω∨C ⊗ OC(1)) = 1 or 2 since degω∨C ⊗ OC(1) = 3 by Riemann–Roch
and Clifford’s Theorems. Consequently h0(X,M) = 2 or 1. In the former, D ∈ |M| moves.
Thus for every x ∈ X, there exists a line  ⊆ 〈D〉 through x such that l(X ∩ )  3. In the lat-
ter, let  be a line with ∞ > l(X ∩ )  3. For a general hyperplane H in P5 containing ,
by Lemma 2.3, X ∩ H is a curve smooth at X ∩ , say C. Let Z ⊆ X ∩  be an effective di-
visor of degree 3 on C. Since Z is linearly dependent, we have h1(OC(1) ⊗ OC(−Z)) = 0.
Thus OC(1) ⊗OC(−Z) ∼= ωC since its degree is 4. Hence OC(Z) ∼= OC(1) ⊗ ω∨C . Since any
effective divisor Z′ of degree 3 which is collinear satisfies the same property, by assumption
h0(ω∨C ⊗OC(1)) = 1,  is a unique tri-secant line to C. On the other hand, the line ′ = H ∩ 〈D〉
also satisfies l(C ∩ ′) 3. Consequently,  = ′ and hence  ⊆ 〈D〉, as required. 
Theorem 3.5. (Catanese and Franciosi [4]) Let σ : Xˆ = Pˆ2 → P2 be the blowing-up of P2 at 10
distinct points x1, . . . , x10 of P2 with the exceptional divisors E1, . . . ,E10. Let L be a line in P2.
Then the following are equivalent:
(1) The line bundle Lˆ= σ ∗OP2(4)⊗OPˆ2(−E1 − · · · −E10) is very ample.(2) For (l,B) = (4,L) and (8,2L), no l distinct points of {x1, . . . , x10} lie on any curve linearly
equivalent to B; and {x1, . . . , x10} do not lie on any member of |OP2(3)|.
(3) For (l,B) = (4,L), (8,2L) and (10,3L), every l distinct points {xi1 · · ·xil } of {x1, . . . , xm}
satisfy H 0(P2,OP2(B)⊗ I{xi1 ,...,xil }/P2) = 0.
Proof. First note that (3) ⇒ (2) is clear, and (2) ⇒ (3) follows from Lemma 2.8 by the same
argument as in the proof of (3) ⇒ (5) in Theorem 2.2. Thus we will prove (1) ⇔ (2). Let X
be the blowing-up σ ′ :X → P2 of P2 at the 9 points {x1, . . . , x9}. For i  9, we may naturally
identify the exceptional divisor Ei on X and Xˆ. Also we identify x10 ∈ P2 as a point of X. Set
L= σ ′ ∗OP2(4)⊗OX(−
∑9
i=1 Ei) andM= σ ′ ∗OP2(3)⊗OX(−
∑9
i=1 Ei). To prove (1) ⇒ (2),
assume that Lˆ is very ample. If there is a curve D ∈ |L| (respectively D ∈ |2L|) passing through 4
(respectively 8) points xi1, . . . , xi4 (respectively xi1, . . . , xi8 ), then the strict transform Dˆ in Xˆ is
linearly equivalent to σ ∗L −∑10i=1 αiEi (respectively σ ∗2L −
∑10
i=1 αiEi) with αi  0 for all i
and αi  1 for i = i1, . . . , i4 (respectively i = i1, . . . , i8). Consequently Lˆ · Dˆ  0, contradiction.
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Lˆ is very ample, the inner projection Xˆ → P4 of X ⊆ P5 from x10 ∈ X is an embedding, and
hence, by Fact 2.2, there is no line  through x10 with l(X ∩ )  3. By Proposition 3.4 (3),
h0(X,M) = 1 and x10 does not lie on D ∈ |M|. Hence |σ ∗OP2(3) ⊗ OXˆ(−
∑10
i=1 Ei)| = ∅.
Equivalently {x1, . . . , x10} do not lie on any member of |OP2(3)|.
Now we prove (2) ⇒ (1). By assumption and Theorem 3.3, L is very ample and hence
we may assume X is a subvariety of P5. Since {x1, . . . , x10} do not lie on any D ∈ |OP2(3)|
by assumption, we have h0(M)  1. For any line  ⊆ P5 through x10 ∈ X, we claim that
l( ∩ X)  2. Assume to the contrary that there exists a line  ⊆ P5 through x10 such that
l( ∩ X) 3. By Proposition 3.4(3),  ⊆ X ∪ 〈D〉 for D ∈ |M|. If  ⊆ 〈D〉, then x10 ∈  ∩ X ⊆
〈D〉 ∩ X = D, which contradicts our assumption. If  ⊆ X, by Lemma 2.7 and degX − 2g = 1,
then σ ′() ⊆ P2 is a curve of degree l  10 passing through l points of {x1, . . . , x10} includ-
ing x10. Hence σ ′() ∈ |OP2(2)| or |OP2(1)|, which contradicts our assumption. Consequently
every line  ⊆ P5 through x10 ∈ X satisfies l( ∩ X)  2. Therefore the inner projection of X
from x10 is an embedding Xˆ → P4 and hence Lˆ is very ample, as required. 
Remark 3.6. Let S ⊆ P5 be a smooth irreducible surface of degree 7, sectional genus 3 and
irregularity h1(OS) = 0. It is easy to see that h0(OS(2)) = 18 and hence h0(P5,IS/P5(2))  3.
By the classification of Ionescu [10] and Proposition 3.4, S is one of the following.
(1) The blowing-up of P2 at 9 distinct points {x1, . . . , x9} such that condition (3) in Theorem 3.3
holds and dim |OP2(3)(−x1 · · · − x9)| = 0. Let Q1 and Q2 be distinct hyperquadrics con-
taining S. Then Q1 ∩Q2 is integral.
(2) The blowing-up of P2 at 9 distinct points {x1, . . . , x9} such that condition (3) in Theorem 3.3
holds and dim |OP2(3)(−x1 · · · − x9)| = 1.
(3) The blowing-up of conic bundle at 9 distinct points.
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